The mass of the Higgs boson in the trinification subgroup of E6 
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The extension of the standard model to SU(3)l x SU(3)r x SU(3)c is considered. Spontaneous 
symmetry breaking requires two Higgs field multiplets with a strong hierarchical structure of vacuum 
expectation values. These vacuum expectation values, some of them known from experiment, are 
used to construct invariant potentials in form of a sum of individual potentials relevant at the weak 
scale. As in a previous suggestion [l(]] one may normalize the most important individual potentials 
such that their mass eigenvalues agree with their very large vacuum expectation values. In this case 
(for a wide class of parameters) the scalar field corresponding to the standard model Higgs turns 
out to have the precise mass value mmggs = 775 = 123 GeV at the weak scale . The physical mass 
(pole mass) is larger and found to be 125 ± 1.4 GeV. 

PACS numbers: 11.30.Hv, 12.10.Dm, 12.15.Ff, 14.60.Pq 



I. INTRODUCTION 
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The imbedding of the standard model into a larger 
group implies an extended Higgs structure. The corre- 
sponding potential should give rise to spontaneous sym- 
metry breaking leading to a large spectrum of scalar 
boson masses. The aim of this article is to consider 
the structure one encounters by extending the stan- 
dard model to E6 [l[ or rather to its maximal subgroup 
SU{3) L x SU(3) R x SU(3) C ■ This group has to be com- 
bined with the discretegroup Z3 exchanging left, right 
and color symmetries [2j-|7|. It has been named trinifi- 
cation group by the author of Rcf. Q. The subgroup 
with Z 2 (exchanging left and right) can appear as an in- 
termediate symmetry at and above the scale where the 
gauge couplings g\ and g 2 unite Q. In this model one 
has to deal with masses and vacuum expectation values 
of scalar fields which show an extreme hierarchical struc- 
ture extending over many orders of magnitudes. To break 
the group down to the standard model two scalar matrix 
fields are necessary H and H. These two 3x3 matri- 
ces of fields transform according to (3*, 3) with respect 
to SU(3) L and SU(3) R [| @. Thus, we have to deal 
with 36 real scalar fields. With respect to the SU(2)l 
subgroup they form six complex Higgs doublets and six 
complex singlets. 

The vacuum expectation value (vev) of the first ma- 
trix (H), which couples directly to the fermions, can 
be chosen diagonal. Its structure is known from experi- 
ment: The element {H)\ describes the vacuum expecta- 
tion value v = 174 GeV of the conventional Higgs field. 
The (H) 2 element is very small and of the order of the 
mass of the b quark. For simplicity we will set it to zero 
here. The (-ff)fj element, on the other hand, is huge and 
its value M is expected to be close to the scale of elec- 
troweak unification, i.e. the meeting point of the gauge 
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couplings gi and g 2 which occurs at w 2 • 10 13 GeV. 

The second matrix of scalar fields H is not directly 
coupled to fermions @ @- ^ needs to have a sizable 
vacuum expectation value for the element (H} 2 which we 
denote by M 0,1]. This vev determines the masses of 
the right-handed vector bosons . The experimental limit 
on right-handed currents provides for a lower limit for 
M of a few TeV. Already the nonvanishing of M and M 
is sufficient to break the trinification group down to the 
Glashow-Weinbcrg-Salam group. Finally, the finite value 
for v leaves only the electromagnetic U(l) e symmetry 

In a previous article, the fields of the matrix H have 
been discussed leaving the matrix H aside [13]. The re- 
quired vacuum expectation values of these fields could 
be obtained with the help of logarithmic contributions 
for the SU{3)l x SU{3)r invariant potentials. The in- 
put vacuum expectation values mentioned above provide 
for scalar masses and the 15 Goldstone bosons. The ar- 
ticle contains in addition the suggestion for a speculative 
normalization of the potentials. This hypothesis led to a 
prediction for the mass of the Higgs meson of the stan- 
dard model, namely to mjiiggs = v/VZ = 123 GeV 
0. After the more recent experimental indications for 
a Higgs-likc structure in the 125 GeV region [ll[ this 
prediction may have some significance. Therefore a more 
detailed discussion is indicated. It should deal with all 36 
fields and should show - in an example - the full spectrum 
of now 36 — 15 = 21 scalars. 

Invariants which combine H and H fields together now 
play an essential role. Without those invariants several 
charged and neutral scalars would remain massless. In 
general the inclusion of such invariants will change the 
previously obtained mass values from the single Higgs 
field H . However, as we will see, it turns out that for the 
special field, which corresponds to the standard model 
Higgs, no noticeable changes occur for a large class of 
parameters. Thus, the Higgs mass close to 123 GeV can 
still be the consequence of the following assumption [lj| : 
the fields in H are determined by two separate potentials 
according to the two relevant invariants. Each potential 
is normalized such that the mass obtained from it coin- 
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cides with the input vacuum expectation value to leading 
order in M. As a motivation we note that only with this 
assumption the difference between vacuum expectation 
value and mass eigenvalue remains finite in the large M 
limit. 

At present it seems too difficult, at least for the au- 
thor, to obtain a potential valid for the high and the 
low scale regions which provides for spontaneous symme- 
try breaking of the trinification group, fulfilling thereby 
all theoretical requirements for this multi-Higgs problem. 
However, for the region of the weak scale, effective poten- 
tials can be constructed which give some insight into the 
structure of this Higgs system. Coming down from high 
scales which involve very large masses, the effective po- 
tential at low scales is certainly expected to include loga- 
rithmic terms of the same order as the H 4 and H A terms. 
In fact, only the inclusion of logarithmic terms allow the 
potentials to have their minimum at the wanted places. 
Shifting the appropriate fields according to their vevs and 
neglecting terms with inverse powers of M, one gets po- 
tentials of the tree type. No powers of fields higher t han 4 
appear anymore and the potential minimum remains un- 
changed. Moreover, the important terms containing M 
and M occur with shifted and unshifted fields of lower 
powers. This way the task is simplified and one gets, at 
low scales, a model only slightly different from the stan- 
dard model. As we will see, the potential constructed 
leads to the required spontaneous symmetry breaking. 
All Higgs fields obtain masses in agreement with experi- 
mental bounds. 



II. SCALAR FIELDS WITH LOW AND VERY 
HIGH SCALE VACUUM EXPECTATION 
VALUES IN THE SAME REPRESENTATION. 

An interesting example of a scalar Higgs field in a 
grand unified model is the field H27, the irreducible "27" 
representation of E6. In a nonsupcrsymmctric version 
of E6 Q @ the maximal subgroup of E6, the symme- 
try SU(3) L x SU(3) R x SU{3) C (the trinification group) 
plays an important role together with the symmetry Z% 
which allows the exchange of "left" with "right" and 
"color". Apart from the breaking Z3 — > Z 2 , this sym- 
metry holds from the point of electroweak unification up 
to the complete gauge group unification . In this re- 
gion w hich starts at « 2 • I0 13 GeV the gauge couplings 
g" = \/5/3 <?i and g 2 are identical. 

Let us consider for the moment the color singlet part of 
a single H 2 j multiplet field only, neglecting the influence 
of the other fields. It is a 3 x 3 matrix field H l k where 
the index i transforms as an upper index with respect to 
SU(3)l while the lower index k transforms according to 
SU(3)r. The indices i = 1,2 are the SU(2)l indices of 
the standard model. HI contains 18 real fields: 

The vacuum expectation value of H can be chosen 
to be a diagonal matrix with real and positive elements 
by absorbing transformation matrices and phases by the 



fermion fields. In the following we use H 
h and / are matrices of real fields. 



(H) = (h) 
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h + if where 



(11.1) 



Phenomenology tells us the values of v and b: v can 
be identified with the vacuum expectation value of the 
Higgs field of the standard model, v — 174 GeV. This 
element couples to the top quark, b couples to the bottom 
quark and is much smaller, roughly equal to the mass of 
the bottom quark at the weak scale. We will set 6 = 
for simplicity. The value M on the other hand must 
be huge. It is the mass of the heavy down quark D, 
which is likely to be of the order of the scale where the 
SU(3) L x SU(3) R x Z 2 symmetry sets in Q: (H)l = 
M ~ m D ps 2 • 10 13 GeV . 

For the fields in H, only two SU(3) l X SU (3)r invari- 
ants with nonvanishing vevs exist: 



Ji = (Tr[H^ ■ H}) 2 , J 2 = Tr[H^ ■ H ■ ■ H]. 



(11.2) 



Their vevs are (Ji) = (M 2 + v 2 ) 2 and (J 2 ) = A/ 4 + v 4 , 
respectively. 

It is easily seen that a tree potential with the two in- 
variants (|II.2[) cannot produce the wanted vacuum ex- 
pectation values. To have a potential with the required 
properties at the weak scale the logarithmic dependence 
on Ji and J 2 must be included. In contrast to the usu- 
ally very small Coleman- Weinberg term [l2[ one expects 
here the log term to be of the same order as the tree part 
because of the extremely long way down from the very 
heavy states. Indeed, large log terms follow necessarily: 
Our requirements are satisfied by a linear combination of 
the two separate potentials: 



Vi 

v 2 
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and 



(II.3) 



Higher powers of the log terms can also be used, 
instance 



For 



A T/ 1 J2 

and V 2 = — 



(II.4) 



Equations f|II.3[) and (|IL4| arc equivalent in our treat- 
ment. First and second derivatives at the minimum are 
the same and thus lead to the same scalar particle spec- 
trum. The scalar potential taken as a linear combination 
of Vi and V 2 (with positive coefficients) has the wanted 
properties. This potential is fully invariant and provides 
for the spontaneous symmetry breaking to U(l) x U(\) e . 
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The derivatives of this potential with respect to the 18 
fields vanish at the minimum and the 18 x 18 matrix for 
the second derivatives at the minimum leads to two mas- 
sive states, one massless state and 15 Goldstone bosons. 
In Eqs (|II.3[ III.4P the factors 1/8 serve as a normalization 
of the potentials. They are chosen such that -to order M 
- the mass values obtained from the second derivatives 
coincide with the input vacuum expectation values ac- 
cording to our postulate. This postulate insures that the 
difference between mass and vev is not proportional to 
the huge value M. It remains finite in the limit M — > oo. 
The normalization will be of significance as shown below. 

The potentials obtained so far cannot be used to cal- 
culate radiative corrections. One has to extract a tree 
potential which can then be improved by renormaliza- 
tion group methods in the conventional way. To do this 
an expansion in M is necessary. It can be done after the 
shift of the fields according to their vevs (h\ — > v + h\, 
ftj — > M+h\ ) is performed. By neglecting inverse powers 
of M, the above potentials then become polynomials with 
field configurations up to the fourth power only. More- 
over, the interesting terms proportional to M 2 , v ■ M and 
v 2 occur with fields to second order only. The symme- 
try breaking properties remain unchanged. The relevant 
scale for this potential is the weak scale. 

Vi = (h\) 2 M 2 + 2h\hl vM + (h\) 2 v 2 

+0(H 3 ) + 0(H 4 ) , 
V 2 = {hl) 2 M 2 + 0(H 3 ) + 0(H 4 ) . (II.5) 

Constant terms are left out and the field combinations 
of third and fourth order are not shown explicitly. They 
are not relevant at the minimum but are needed for renor- 
malization. V\ and V2 of Eq. pi.5[) can now be used as 
the tree potential at the weak scale. It replaces the stan- 
dard model potential in the presence of a huge hierarchy. 
The Higgs field h\ and the SU(2) L singlet field h 3 are 
both real fields. As in [l(| we make the assumption to 
use the two potentials with equal weight because of their 
identity in the limit v — > 0. The normalization is decisive 
and kept. 

Vtree = V X + V 2 . (II.6) 

This potential has a minimum for zero values of all 
(shifted) fields. The two massive states have the masses 
(shown to order v 2 ) 

™ 2 m gg s = \v 2 and M% = 2M 2 + ±v 2 (11.7) 

Thus, the prediction for the Higgs mass at the weak scale 
is as in fief 

m mggs = -±= v ~ 123 GeV. (II.8) 

However, the influence of the fields of the second Higgs 
multiplet H can change this result. This is the subject 
of the next section together with the attempt to obtain 
the full mass spectrum of all scalars. 



III. TWO SU(3) L x SU(3) R SCALAR FIELD 
MULTIPLETS. 

The second multiplet of scalar fields H is required from 
phenomenological considerations. In the model Q it is 
not directly coupled to the fcrmions, only via gauge vec- 
tor bosons. It can have its own paritylike symmetry: 
H — > —H. Its vevs cannot be diagonalizcd anymore when 
keeping (H) diagonal. For the breaking of the original 
left-right symmetry, the dominant vev has to be at the 
(3, 2) position Defining H = h + if, one has 

/ \ 

(H) = (h) 0. (HIT) 

\ M / 

The value of M fixes the masses mw R of new vec- 
tor bosons coupled to right-hand vector currents: 
mw R /fnw L — M/v. These right- hand currents are, 
apart from their helicity structure, of the same form as 
the well- known left-hand currents. LHC experiments 
can discover these bosons if their masses lie in the TeV 
region. In the following we take v <C M <C M. 

The wanted total potential should now provide masses 
for all fields. One needs new invariants depending on 
H but necessarily also invariants combining H and H 
fields. Otherwise one would have additional symmetries 
and thus many massless scalar particles. Important in- 
variants which also respect the symmetry H — > —H arc 

J 3 = Tr[H^-H\ 2 , 

J 4 = Tr[H^ ■ H ■ ■ H], 

J 5 = Tr[H^ ■ H ■ ■ H], 

J 6 = Tr[H ] ■ H ■ if* • H\. (111.2) 

Their vevs are (J 3 ) = (J 4 ) = M 4 , (J 5 ) = 0, (J 6 ) = 
M 2 M 2 . 

The invariant J5 can be directly added to the po- 
tential pL6l) since all its 36 first derivatives vanish at 
the proposed minimum. Jq, on the other hand, has 
to be combined with J3 or J4: the first derivatives of 
J4 — 2M 2 / M 2 Jq are not strictly zero at the minimum 
but vanish for large M . Thus this combination can be 
used. Therefore, a suitable and still simple tree potential 
for the 36 scalar fields reads: 

V tree = 2(h\) 2 M 2 + 2h{hlvM + (h\) 2 v 2 
M 2 

+r 4 (J 4 - 2-^2 Je) + r 5 J 5 
+0((H,Hf) + 0((H,H) i ). (III.3) 

In this equation the shifted fields (also h 3 , — > M + h 3 ) 
have to be used and, after expanding in powers of M, the 
inverse powers of M have to be neglected. Similar to Eq. 
(III. 61) . the combination of fields not contributing to the 
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tree level spectrum of particles are not shown explicitly. 
They are, however, important for the scale dependence. 
The coefficients and r$ have to be positive and not too 
small but are otherwise arbitrary. The formula (|III.3[) is 
simple enough to obtain analytically the eigenvalues and 
eigenvectors of the 36 x 36 matrix of second derivatives. 
The square of the masses are 



2 2 

y, 2M 2 + y, (M 2 + M 2 )r 5 (2x), M 2 r 5 (Ax] 



domain in the unitary gauge turns out to be: 



AM z r A , (M 2 +v 2 )r 5 (2x), 2M 2 r A (4x), 
M 2 r 5 (2x), v 2 r 5 (4x), (15x). 



(III.4) 



It is seen that the first and the second term are unchanged 
as compared to Sec. 2. The 15 zero mass Goldstonc parti- 
cles will become the longitudinal parts of the gauge vector 
bosons. The other masses depend on the parameters r^, 
r$, M and M . Interestingly, there is one Higgs-like mul- 
tiplct independent of M and M depending only on r§ and 
v. It will be referred to as the "second Higgs" . The diago- 
nalization of the 36x36 matrix allows to identify all fields. 
After taking account of tiny mixings, the new field h\ de- 
scribes the field of the standard model-like Higgs and the 
second Higgs consists of the (also slightly changed) four 
fields h\, fl,h 2 , fi from the matrix M. One can add to 
the potential the invariant J 7 = Tr[H^ H] Tr[H^H] and 
also J3 in log form similar to V\ . These contributions do 
not affect the value of the Higgs mass. Thus, for a wide 
class of potentials the result for the Higgs obtained here 
and in [lOj can remain valid. 

But certainly, it is also possible to devise special po- 
tentials which have quite different properties. There is 
then less connection with the standard model. 



IV. THE LOW SCALE REGION. 



Let us now look at the low scale region near the mass of 
the Higgs. One can start from Eq. ([III.3[) which, if written 
in detail, contains a large amount of different field con- 
figurations. However, drastic simplifications occur after 
diagonalizing the 36 x 36 mass matrix and going with M 
and M to infinity. This allows us to neglect 16 heavy 
fields (the 16 masses are given in Eq. (|III.4[) ). The rest 
of the fields consist of the "second Higgs" (four states), 
which may or may not be very heavy compared to the 
Higgs, and finally the Higgs field h\ itself and the 15 
massless Goldstone bosons. The latter become the longi- 
tudinal components of the gauge bosons. In the low scale 
limit only the coupling to the top and to the three low 
mass vector bosons W + , W~ , Z need to be considered. 

The relevant part of the Lagrangian for this low scale 



C h = 



-lh 4 - -vh 3 - -v 2 h 2 



1 

2 

\2 



9t tt h 



+ {92? W+W-v h+ l - (( 9l ) 2 + (g 2 ) 2 ) Z 2 v h 



- ri {\Hl\* + \Htf 
-r 5 (h 2 + 2hv + v 2 ) (ji^l 



1 1 2 



(IV.l) 



For convenience the field h\ is denoted by h. Accord- 
ing to our derivation the sum of the first three terms in 
pV.lj) can be identified with the renormalizcd potential 
for the Higgs field at the weak scale. The next three 
terms describe the coupling of h to the top and to the 
vector bosons W + , W~, Z. The final terms contain the 
fields of the second Higgs which need only be considered 
if their masses are relatively low. Since these fields have 
no vev and are not directly coupled to fermions, their 
neutral members are possible candidates for dark matter 
particles. 

It is seen that our model has the form of the standard 
model except for the second Higgs and the larger number 
of Goldstone bosons. The ratio between the h 3 coupling 
constant and the mass term is the same as in the standard 
model. Only the ft 4 coupling is a factor two larger. 

Introducing the scale dependent coupling coefficient 
X(fi) Eq. ljlV.ip leads to the boundary condition A(//o) = 
1/8. Here, fi stands for the weak scale at which the 
matching with h should be performed. It seems ap- 
propriate to take for this scale the sum of the square 
of the four boson masses caused by the Higgs particle: 
Mo = m H + 2m w + m z - ( 192 GeV) 2 . The Higgs mass 
and A are related according to ra 2 Higgs = 4\(u)v 2 . 

To get the physical mass of the Higgs (the pole mass) in 
our model is clearly of interest. This requires us to study 
the scale-dependence of the mass in the low scale region. 
A systematic analysis of Eq. ljlV.ip is required here but 
has not been done. However, one can get an estimate 
by using as an approximation the standard model re- 
sult for the connection between the scale-dependent MS 
coupling constant A(/i) and the pole mass according to 
Ref.fiJ: 



m Higgs \pole 



a(m) 

1 + 



4 v z 



(IV.2) 



The scale-dependent correction term 6([J,) can be cal- 
culated from particle couplings and masses [l~3|]. We 
use in this expression for the mass of the top quark 
nit = 173 GeV and for the Higgs mass 123 GeV. 

An estimate of the pole mass can now be obtained by 
fixing X(fio = 192 GeV) = 1/8. Applying the renormal- 
ization group equations of the standard model and taking 
fi in the interval 110 GeV < /i < 250 GeV one finds from 



m HlQ 



125 ± 1.4 GeV. 
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